Frequency power spectra due to a super-position of uncorrelated Lorentzian pulses with a random distribution of amplitudes are considered. For pulses with constant duration, there is an exponential frequency spectrum which is independent of the degree of pulse overlap and the pulse amplitude distribution. The spectrum is furthermore shown to be unaffected by skewness of the Lorentzian pulses and even a random distribution of the pulse asymmetry parameter and its correlation with the pulse amplitude. This stochastic model provides new insight to the ubiquitous exponential spectra in fluids and magnetized plasmas exhibiting deterministic chaos, where non-linear advection processes lead to amplitude dependent steepening of smooth pulses.
An intrinsic property of deterministic chaos is an exponential frequency power spectral density for the fluctuations. [1] [2] [3] [4] [5] [6] [7] [8] This has been observed in numerous experiments and model simulations of fluids and magnetized plasmas. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] Recently, the exponential spectrum has been attributed to the presence of uncorrelated Lorentzian pulses in the temporal dynamics. [6] [7] [8] [16] [17] [18] [19] [20] [21] [22] However, far from the threshold for linear instability in continuum systems, it is expected that non-linear advection processes and chaos will lead to steepening effects and randomness of the pulse parameters. [23] [24] [25] This motivates investigations of the effect of pulse skewness and a distribution of pulse amplitudes and asymmetry. 20, 26 In this work, a stochastic model for intermittent fluctuations in physical systems based on a super-position of uncorrelated pulses is considered. By analogy with the characteristic function for stable distributions, the symmetric Lorentzian pulse is generalized to have finite skewness. The mean, variance, auto-correlation function and frequency power spectral density are all shown to be independent of a random distribution of the pulse asymmetry parameter and its correlation with the pulse amplitudes. The model presented here provides a novel framework for describing intermittent fluctuations and exponential frequency power spectral densities in fluids and magnetized plasmas.
Consider a stochastic process given by the super-position of K uncorrelated pulses with a fixed shape and duration τ d in a time interval of duration T , [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] 
Each pulse labeled k is characterized by an amplitude A k and arrival time t k , both assumed to be uncorrelated and each of them independent and identically distributed. The number of pulses K in an interval of duration T is given by the Poisson distribution,
with mean value of the number of pulses given by
Here and in the following, angular brackets denote the average of the argument over all random variables unless otherwise explicitly stated. From the Poisson distribution it follows that the waiting times between the pulses are exponentially distributed with mean value τ w and that the pulse arrival times are uniformly distributed on the time interval under consideration, that is, their probability density function is given by 1/T .
The pulse shape φ (θ ) is taken to be the same for all events in Eq. (1) . This function is normalized such that
Thus, each pulse contributes equally to the mean value of Φ K (t). The integral of the n'th power of the pulse shape will appear frequently in the following and is defined as
for positive integers n. It is assumed that T is large compared with the range of values of t for which φ (t/τ d ) is appreciably different from zero, thus allowing to neglect end effects in a given realization of the process.
The normalized auto-correlation function of the pulse function is defined by 26, 27 ρ φ (θ ) = 1
and the Fourier transform of this gives the frequency spectrum,
where the transform of the pulse function is defined by
In this contribution, the auto-correlation function and the frequency power spectral density for the process defined by Eq. (1) will be investigated for the case of skewed Lorentzian pulses.
The degree of pulse overlap, and therefore the intermittency of the process, is given by the ratio of the pulse duration and waiting times. This ratio is referred to as the intermittency parameter and defined by γ = τ d /τ w . The mean value of the process is given by Φ = γI 1 A and the variance by Φ 2 rms = γI 2 A 2 . In the following, the rescaled variable defined by
with vanishing mean and unit standard deviation will be considered. The auto-correlation function for a time lag r is defined by
Substituting the variable defined by Eq. (1), the expressions for the auto-correlation function and the frequency power spectral density for the rescaled random variable defined by Eq. (9) are given by 26, 27 
that is, they are simply determined by the shape and duration of the pulse function φ . It is emphasized that the auto-correlation function and frequency power spectrum are independent of the amplitude distribution P A and the intermittency parameter γ, that is, the degree of pulse overlap.
The pulse shape to be considered in the following is the normalized Lorentzian function,
which satisfies the requirement given by Eq. (4). The integral of the n-th power of the Lorentzian pulse shape is given by
where Γ is the Gamma function. The lowest order pulse function integrals are given by I 1 = 1, 2 and I 4 = 5/16π 3 . From this it follows that the mean value of the stationary process is given by Φ = γ A , the variance is Φ 2 rms = γ A 2 /2π, and the skewness and flatness moments are 26
clearly revealing the strong intermittency in the case of weak pulse overlap.
With the Lorentzian pulse, the normalized auto-correlation function and its Fourier transform
This gives the auto-correlation function and the power spectral density for the stochastic process by use of Eqs. (11) . It follows that the auto-correlation function is itself a Lorentzian function and therefore has algebraic tails while the power spectral density has an exponential dependence on the frequency, 26
This establishes the familiar exponential spectrum for a super-position of uncorrelated Lorentzian pulses. [6] [7] [8] [16] [17] [18] [19] [20] [21] [22] The Lorentzian pulse shape can be generalized to have finite skewness based on an analogy with stable probability density functions. 20 Since closed analytical forms are in general not known, it is defined via the inverse Fourier transform, or the characteristic function in the case of stable distributions,
where the Fourier transform of the pulse function is defined by
The phase function is given by
Here λ is a location parameter, σ is an asymmetry parameter and α is referred to as the stability parameter in the context of stable distributions. For stable distributions, the stability parameter is restricted to the range 0 < α ≤ 2 and the asymmetry parameter is restricted to the range −1 ≤ σ ≤ 1. The symmetric Lorentzian pulse shape is obtained for α = 1 and σ = 0. The Fourier transform of a skewed Lorentzian pulse function is thus given by
Here it is to be noted that the asymmetry and location parameters affect only the phase of this complex function. As will be shown below, this is the reason why the frequency spectrum is unaffected by the skewness of the Lorentzian pulses.
The integral of the n'th power of the skewed Lorentzian pulse function in general depends on both the asymmetry and location parameters,
where there are n − 1 convolutions of the pulse function denoted by an asterisk and F [φ (θ )] = ϕ(ϑ ) denotes the Fourier transform. By first performing the integration over θ this simplifies to
The two lowest order pulse integrals turn out to be independent of the pulse parameters, I 1 = 1 and
consistent with the requirement given by Eq. (4) and Parseval's theorem. From this it follows that for fixed pulse asymmetry and location parameters, the frequency power spectral density for the pulse function and its normalized auto-correlation function are the same as for a symmetric Lorentzian function,
given by Eqs. (15) . It is concluded that a stochastic process given by a super-position of uncorrelated Lorentzian pulses with a fixed but skewed shape has an exponential frequency power spectrum. However, it should be noted that the pulse asymmetry modifies the higher order pulse integrals I 3 and I 4 , so the skewness and flatness moments given in Eqs. (14) are only valid for symmetric Lorentzian pulses.
For any function f (ϑ ) with the property f † (ϑ ) = f (−ϑ ), where the dagger denotes the complex conjugate, the following relation holds,
where R denotes the real part of the argument. The integrand in Eq. (17) with ϕ given by Eq. (20) has this property, and thus the skewed Lorentzian pulse function can be written in integral form as While this integral cannot be calculated in closed form, it is suitable for numerical integration.
The skewed Lorentzian pulse function is presented in Fig. 1 for various values of the asymmetry parameter and vanishing location parameter, λ = 0. As σ approaches unity, the pulse function is strongly asymmetric with a fast rise and a slow decay. In the case σ = 1 and λ = 0 this is known as the Landau distribution. The asymptotic tail for the skewed Lorentzian pulse is for −1 < σ ≤ 1 a power law,
By the reflection property, it similarly follows that for −1 ≤ σ < 1,
When σ = 1 the left tail of the function is not asymptotically a power law and when σ = −1 the right tail of the function is not asymptotically a power law. However, in all cases there is an exponential frequency power spectral density. The role of power law tails in the pulse function for the frequency spectrum will be further discussed below.
The stochastic process defined by Eq. (1) can be generalized to take into account a random distribution of the pulse asymmetry and location parameters for the skewed Lorentzian pulse shapes.
It is natural to define the peak value of the pulse function at θ = 0 for all values of σ . However, since the mode of a stable distribution is not analytically expressible, a more general relationship in the form of a joint distribution is introduced. Moreover, a joint distribution P σ λ A (σ , λ , A) between the pulse amplitudes and the asymmetry and location parameters is considered. The mean value of the random variable Φ K (t) in the case of exactly K pulses is then given by
Neglecting end effects by extending the integration limits for the pulse arrival times to infinity and averaging over the number of pulses, it follows that the mean value is the same as for symmetric
Lorentzian pulses, Φ = γ A . Similarly, with reference to Eq. (20) it follows that the variance for the stationary process is independent of the distribution of the location and asymmetry parameters.
It follows that the mean and the variance in the case of randomly skewed Lorentzian pulses are the same as for symmetric Lorentzian pulses.
The auto-correlation function in the case of a random distribution of the pulse asymmetry and location parameters can be calculated by additionally averaging over these random variables. This is determined by the K terms in the double sum of Φ K (t)Φ K (t + r) with equal pulse indices, given by 26,27
Using the relations given by Eq. (24), it follows that the auto-correlation function and the frequency power spectral density for a random distribution of the pulse location and asymmetry parameters are the same as in the case with a symmetric Lorentzian pulse shape, given by Eq. (16a). Thus, a correlation between the pulse amplitude and skewness does not influence the frequency power spectrum.
Finally, as an alternative smooth pulse function which also results in an exponential frequency power spectrum, consider the sech function,
which has the Fourier transform
Both the pulse function and its Fourier transform have exponential tails. The integral of the n'th power of this pulse function is given by
giving the mean Φ = γ A and variance Φ 2 rms = 2γ A 2 /π 2 . The normalized auto-correlation function is ρ φ (θ ) = θ csch(θ ), for which the Fourier transform gives ̺ φ (ϑ ) = π 2 /[1 +cosh(πϑ )].
Thus, in the case of a super-position of uncorrelated sech pulses with constant duration, the normalized auto-correlation function and power spectral density are given by
The auto-correlation function has an exponential tail for large time lags and the frequency power spectral density has the asymptotic limits
decreasing exponentially for high frequencies, qualitatively similar to the case of Lorentzian pulses. However, the spectrum for sech pulses is flat for low frequencies. It is concluded that the algebraic tails of the Lorentzian pulse function leads to a high power spectral density at low frequencies. The exponential spectrum for high frequencies reflects the curvature of the smooth sech and Lorentzian pulses and is not due to algebraic tails in the pulse function.
Intermittent fluctuations in physical systems have been investigated by a stochastic model that describe these as a super-position of uncorrelated pulses. It is demonstrated that for skewed Lorentzian pulses with constant duration, the spectrum is unaffected by the asymmetry parameter even in the case when this has a random distribution and is correlated with the pulse amplitudes.
Such correlations are expected due to amplitude dependent steepening of smooth pulses resulting from non-linear advection in continuum systems. The results presented here provide new insight to the ubiquitous appearance of exponential spectra in fluctuating fluids and plasmas, in particular demonstrating that the power spectral density is not influenced by the steepening process in the case of Lorentzian pulses. Previously, it has been shown that a broad distribution of pulse duration times leads to frequency spectra with power law scaling regimes. 26 This work was supported with financial subvention from the Research Council of Norway under grant 240510/F20. The authors acknowledge the generous hospitality of the MIT Plasma Science and Fusion Center where parts of this work was conducted.
